24 Solving nonhomogeneous ODE systems with constant coefficients

Consider the nonhomogeneous system with constant coefficients
y=Ay+ f(t)7 A= [aij]nxna fR— R". (1)
Similarly to the case of linear ODE of the n-th order, it is true that

Proposition 1. The general solution to system (1) is given by the sum of the general solution to the
homogeneous system plus a particular solution to the nonhomogeneous one:

Y(t) = yn(t) + y,(0)-

The proof is left an an exercise and relies on the fact that if y; and y, solve (1) then y; — y5 solves
homogeneous system.

Therefore, to solve system (1) we need somehow find a particular solution to the nonhomogeneous
system and use the technique from the previous lectures to obtain solution to the homogeneous system.
Recall that for the linear equations we considered three approaches to solve nonhomogeneous equations:
the variation of the constant (or variation of the parameter) method, the method of an educated guess,
and the Laplace transform method. Similarly, we can use the same methods here. We will start with
the method of an educated guess. Then we will recall how the Laplace transform can be used for solve
ODE. And finally, the most important theoretically method, the variation of the constants method,
will be covered at the end.

24.1 Method of an educated guess

Sometimes it is possible to guess what is the form of a particular solution. Consider, e.g., system of
the form
Y = Ay + we”,

where w is a constant vector, and a is a constant. Let us look for a particular solution in the form

at

yp(t) = Te

We find that
ar=Az+w = (A—al)z =w.

Assuming that a is not an eigenvalue of matrix A, we can solve the last system

x=(A—al)  w.
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i=[s o]
As usual we find that matrix A has eigenvalues \; = 1 and Ay = —1 with the eigenvectors v; = (1,1)7
and v2 = (3,1) ", therefore, the general solution to the homogeneous system is
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where C1, C5y are arbitrary constants. Since 3 is not an eigenvalue of A, we can look for a particular
solution to the nonhomogeneous system in the form

where A and B are constant to be determined. After plugging yp(t) and canceling all the exponents,
we obtain the system

3A=24—-B+1,
3B=3A-2B+1,

which has the unique solution A = 1/2, B = 1/2. Therefore, the general solution to our system is
given by

wo=ci[eve [ 1]

Remark 3. Sometimes the system of the form
y=Ay+tw

needs to be solved, where w is a given constant vector. Of course, one can “guess” that the particular
solution in this case is also constant, i.e., ¥y = w and find that w must satisfy the linear algebraic
equation

Au+w =0,

which will have a unique solution if A is invertible (that is, if 0 is not an eigenvalue of this matrix).
From a slightly more involved theoretical perspective we can look at w as an equilibrium of the
original system (at this point the vector field vanishes), and hence we can talk about stability of this
equilibrium and the corresponding phase portrait. While it is almost obvious that exactly the same
situations are possible (saddle, or node, or focus, etc), the full justification comes from the change of
variables:

y(t) = a(t) - A~ w,

which yields
T =Ax,

which we studied in detail.

24.2 Using the Laplace transform

We can also use the Laplace transform to attack nonhomogeneous problems. Assume that we need to
solve system (1) and let Y (s) be the Laplace transform of y(¢):

Y(s) =Z{y(t)}-

We also will need the fact that
ZL{yt)} =sY(s) — yo.



Now by applying the Laplace transform to the left and right hand sides of (1), we find
sY (s) —yo = AY (s) + F(s),

Y (s) = (sI — A)"(yo + F(s)),

which gives us the formal solution to the problems, provided that we are able to find the inverse
Laplace transform

y(t) =2 "{Y(s)}.

[t Sl -]

By applying the Laplace transform, we find

s—3 4 1 T
s L FiRg

from where the vector Y (s) can be found (using any method you prefer to solve the linear system) as
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5—132 4 5—133
Y(s)= |50 B
G127 1P

Using partial fraction decomposition, we find, e.g., for the first element that

s2—4s+3+s5—3 1 1 2

(s —1)3 Ts—1 (s—1)2 (s—1)3’

therefore,
LY =6t —tel — 2

and similarly for the second element

1
Ly =e - §t2et.

Therefore, the final answer is, as before,

24.3 Variation of the constants

Let ®(t) be a fundamental matrix solution to the homogeneous system

y = Ay. (2)



Hence, the general solution can be written as y;,(t) = ®(t)c, where ¢ = (C1, ...

arbitrary constants. Assume that this vector is not constant, but a function of ¢:

e = (),
and plug y(t) = ®(t)c(t) into (1). We find
B(t)e(t) + R(1)e(t) = AR(t)e(t) + f(1),
and since ®(t) = A®(t), then, finally,

which has the solution .
c(t) =co+ / <I>71(T)f(7') dr,
to

where now c¢q is the vector of arbitrary constants. Using this solution, we obtain

y(t) :<I>(t)co+<I>(t)/t &1(7) f(r)dr.
yn(®) -

y,(t)

This formula is very convenient theoretically, but in actual calculations usually

,C) T is a vector of

requires quite a few

steps. Since the matrix exponent is a special fundamental matrix, we can rewrite the last solution in

the form .
y(t) = eAte +/ eA(t*T)f(T) dr.

to

This last formula requires only a slight modification if we are given the initial conditions y(top) = y,:

t
y(t) = ey, + / e f(r)dr.

to

[t Sl -]

e Figenvalues and etgenvectors. We have
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33— -4

det(A—)\I):det[ 11—

hence we have one eigenvalue A = 1 multiplicity two. Consider

b=l =l

}:)\2—2)\+1:()\—1)2,

which implies that the eigenvalue A = 1 has only one eigenvector v; = (2,1)", and hence our

first particular solution to the homogeneous system can be written as

vy () = m e,



To find the second linearly independent solution, we will need to look for the generalized eigen-
vector that solves
(A= \I)2vy = 0.

We find that

a-an= [ ol

therefore any vector can be taken as a generalized eigenvector, however, we need to remember
that we need to take one, which is linearly independent of v;. I choose to take

=]l

Therefore, the second particular solution to the linear system is
10 2 —4 1+2¢
Ya(t) = ¢ (I + (A = \D)t)vy = ¢! <[0 J " L —2} t) o [ ' ] .

Fundamental matriz solution and matriz exponent. We found that

B (1) = |:2€: 1+ 2t)et]

e tet

is a fundamental matrix solution for the corresponding linear system. We also have that

20 - |7 o

therefore

and hence

2¢t (1+2t)et} [0 1 ] _ [(1+2t)et —4tet

At __ -1 _
e =®(t)® (0) = |:€t telt 1 -9 tet (1-— 27f)€t '

Solving nonhomogeneous system. We have

AT _ [1 — 27 4T ] e

—T 1427
therefore,
t t t2
/ eiATf(T)dT_ [ +t2}
0 t+ %5
Finally,
ac[t+2] [ 1=t ]
t+5 Te-tt]
whence
¢ 2
_ At A(t—T) _ |l =2t 1—t b t|l—t=t
y(t)=e y0+/oe f(r)ydr=e [1—t + %(Q—t)t e =ce 7% .



Remark 6. Recall that when we used the variation of the constant method for the second order ODE;,
there appeared a somewhat arbitrary assumption. To be precise, to solve

y' +py +qy = f(t)
we assumed that
y(t) = C1(t)y1(t) + C2(t)y2(t),

where Y1, y2 are two linearly independent solutions to the homogeneous equation. As one intermediate
step we required that
Ciy1 + Cay2 = 0,

and that was really difficult to explain why we need it (the usual answer is “because it works.”) Now
we can see the actual reason for this assumption. First, by introducing z1 =y, z2 = 2} = ¢’ I rewrite
my equation as a system

-i‘l = T2,
By = —qu1 — px2 + f(1)

with the matrix

and the right hand side f(t) = (0, f(t))".
Note that a fundamental matrix solution can be obtained as

Y1 Y2
b(t) = ,
0 [y’l yé}

and therefore the system to determine the unknowns c(t) takes the form

[?/1 yz] [Ci(tq _ [ 0 ]
v sl o] = L)
where the first equation is ezactly the same assumption we used before, but now without any mystery.

This simple example shows, among other things, that it is (almost) always preferable to work with
systems and not with higher order equations.



